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Note there will be 13 classes each of 115 minutes duration.

1 Reading and Exercises

Note that problems marked with a ∗ are challenging and possibly difficult.

(1) 04.04 Motivation I

Exercises:

(a) In this exercise, you may use the following three facts:

i. The group SO(k + 1) acts transitively on Sk giving rise to a smooth fibre
bundle

SO(k)→ SO(k + 1)→ Sk.

ii. For any fibre bundle F → E → B (indeed for the weaker notion of fibration)
there is a long exact sequence in homotopy groups

· · · → πn+1(B)→ πn(F )→ πn(E)→ πn(B)→ πn−1(F )→ . . . .

iii. The groups πi(S
k) vanish for i < k.

Show the following:

1 The group πi(SO(k)) is independent of k if k ≥ i + 2: this group is written
πi(SO).

2 Show that there is a short exact sequence

0→ C → πi(SO(i+ 1))→ πi(SO)→ 0

where C is a cyclic group of order 0, 2 or ∞.

3∗ Show if i > 1 then the sequence in part 2 splits so that πi(SO(i + 1)) ∼=
C ⊕ πi(SO).

4∗ The homomorphism πi(SO(i)) → πi(SO)) fails to be surjective if and only
if there is a rank (i + 1)-bundle E → Si+1 such that π∗([E]) ∈ πi(S

i) is a
generator: here π∗ : πi(SO(i+1))→ Si is the homorophism in the long exact
sequence of the fibration SO(i)→ SO(i+ 1)→ Si.

Reading: All of [M3].
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(2) 11.04 Motivation II

Exercises:

(a) Let F = R,C or H and let d = dimR(F) = 1, 2 or 4. Let

S2d−1 = {(u, v) ∈ F2 | |u|+ |v| = 1}

and let
Sd−1 → S2d−1 → FP 1 ∼= Sd, (u, v) 7→ [u, v]

be the Hopf fibration. Show that the Hopf fibration has characteristic map

c = id: Sd−1 → Sd−1 ⊂ F×.

(b) Let [cn,m] ∈ π3(SO4) be defined by

cn,m : S3 → SO4, x 7→ (H 3 v 7→ xn+m · v · x−m)

and consider the map

fn,m : S3 × S3 → S3, (x, v) 7→ cn,m(x) · v = xn+m · vx−m.

Show that that induced map H3(S
3 × S3;Z) = Z ⊕ Z → H3(S

3;Z) = Z is given
by

(a, b) 7→ na+ b.

where (1, 0) = [S3 × 1] and (0, 1) = [1 × S3] ∈ H3(S
3 × S3;Z). Hence or other-

wise deduce that π3(S(En,m)) = Z/n where En,m is the D4-bundle over S4 with
clutching function cn,m and S(En,m) is it’s unit sphere bundle.

Reading: [M-S, pp. 115–121]: the Tubular neighbourhood Theorem
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(3) 18.04 Motivation III and Overview

Exercises:

(a) The Pontryagin class map p1 : π3(SO(4))→ H4(S4;Z).

In this exercise you may use the following facts and definitions, many of which
may be found in [M-S, Chapters 14 & 15]:

i. For a real vector bundle E, p1(E) = −c2(E ⊗R C)

ii. For a complex vector bundle E, E⊗RC ∼= E⊕Ē where Ē denotes the complex
conjugate bundle

iii. For a complex bundle ci(Ē) = (−1)ici(E).

iv. The homomorphism π3(SU(2)) → π3(SO(4)) corresponds to the inclusion
VectC2(S4) → VectR4(S4). In the co-ordinates from the previous exercises
this is the homomorphism Z ∈ n→ (0, n) ∈ π3(SO(4)).

v. The bundle TS4 is stably trivial.

vi. Both the Chern classes and the Pontrjagin classes are stable - they do not
change when trivial bundles are added.

vii. By [H, Proposition 12.10] the bundle TS4 has clutching function c(x)v = x·v·x
Using the above or otherwise, compute the map

p1 : π3(SO(4))→ H4(S4) = Z.

(b) The second L-polynomial, L2(p1, p2).

Using the fact that σ(CP 4) = σ(CP 2 × CP 2) = 1 compute the second L-
polynomial L2. Recall that for any closed smooth oriented 8-manifold M , the
signature if M is given by

σ(M) = 〈L2(p1(M), p2(M)), [M ]〉.

You may use [M-S, Example 15.6] where the total Pontrjagin classes p(CP 2) and
p(CP 4) are calculated.

Reading: For masters students - [M-S, Chapters 14 & 15]
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(4) 02.05 Normal bordism

Exercises:

(a) Let i : CP n → R2n+k, k >> n be an embedding of complex projective space.

i. Is the normal bundle ν(i) of i trivial?

ii. Determine the total Chern class and the total Pontrjagin class of ν(i) in
H∗(CP n).

(b) Let E → X be a vector bundle and let E ⊕ R be the stabilisation of E. Show
that there is a homeomorphism

Th(E ⊕ R) ∼= ΣTh(E)

between the Thom space of the stabilisation of E and the reduced suspension of
the Thom space of E.

Note that if E = X is a rank 0 vector bundle then by defintion Th(E) = X+.

Reading: [M1, Sections 1 & 2]
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(5) 09.05 Normal bordism and surgery

Exercises: Let B = {Bk}∞k=1 be a stable vector bundle over a space X and let i : Mn →
Rn+k be an embedding.

(a) Choices of framing: let (M, i, f, α0) and (M, i, f, α1) be two normal B-manifolds
differing only by the choice of normal isomorphism. Observe that there is a
function F01 : M → O(k) such that α1(x) = α0(x) ◦ F01(x). Show the following:

i. If F01 is null homotopic then (M, i, f, α0) and (M, i, f, α1) are normally B-
bordant.
In this case we say that α0 and α1 are equivalent normal isomorphisms.

ii. The manifold M = S1 has two equivalence classes of normal framing and
hence there is a homomorphism

Z/2→ Ωfr
1 .

(b) Let B be an oriented stable vector bundle and let β ∈ Hn(X;A) be a cohomology
class with coefficients A, for example A = Z or A = Z/2. Show that the map

β : Ωn(B)→ A, [M, i, f, α] 7→ 〈f ∗β, [M ]〉

is a well-defined homomorphism: here [M ] ∈ Hn(M ;Z) is the fundamental class
of M which is oriented via it’s normal B-structure.

Note in the unoriented case one obtains a homomorphism with values in A⊗Z/2.

c.f. [M-S, Theorem 4.9]

(c) Find a 2-manifold which is not a boundary: i.e. show that N2 6= 0.

(d) Find an oriented 4-manifold which is not a boundary: i.e. show that ΩSO
4 6= 0.

(e) Let M = Sn × Sn and write Sn = Dn
+ ∪Dn

− so that M = Sn ×Dn
+ ∪Dn

−. Let

f : Sn ×Dn
+ →M

be the obvious embedding. What is χ(f)? What is ω(f)?

(f) Let f : Sn → Sn×Sn, x 7→ (x, x) be the diagonal embedding. What is the normal
bundle of f? When is it trivial?

Reading: [M1, Section 3]
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(6) 16.05 Handle structures

Exercises:

(a) Let i : Dn ⊂Mn be an embedding of the n-disc and let f0 : Sp×Dq+1 → Dn be the
standard embedding and let fα be f0 twisted by an element α ∈ πp(SO(q + 1))
(as usual n = p + q + 1). Determine the diffeomorphism type of the manifold
χ(i ◦ fα) obtain from surgery on M on the embedding i ◦ fα.

(b) Let F = R,C or H have real dimension d. Use the fibre bundle

Sd−1 → Snd−1 → FP n−1

and the associated disc bundle Dd → (FP n − Dnd) → FP n−1 to find a handle
structure for FP n.

(c) What is the minimal number of handles in a handle decomposition of S2 × S2?
Give a handle decomposition of S2 × S2 with this number of handles.

(d) Take a standard embedding T 2 ⊂ R3 of the 2-torus in 3-space. Let g : R3 → R be
a height function. Show that the restriction g|T 2 is a Morse function for a suitable
choice of projection axis for g.

Reading: [M-S, Chapter 17]
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(7) 23.05 Normal bordism and normal types

Exercises:

(a) Let M be a compact manifold. Show that M is (k + 1)-parallelisable if and only
if the normal k-type of M is given by

Bk(M) = Pk(M)×BO〈k + 2〉

where the map Bk(M) → BO is given by projection then composition with the
canonical map γ : BO〈k + 2〉.

(b) Determine the normal k-type of RP n and CP n for k < n− 1.

(c) Give an example of an oriented 4-manifold M such that the normal Gauss map
ν̄ : M → BSO is a 2-equivalence

(d) Give an example of a spin 8-manifold M such that the normal Gauss map ν̄ :
M → BSpin is a 4-equivalence.

(e) For any n ≥ 2i show how to construct a normal BO〈i〉-manifold ν̄ : M → BO〈i〉
such that ν̄ is an i-equivalence and such that [M, ν̄] = 0 ∈ Ω

BO〈i〉
n .

(f) Suppose that M is (k+ 1)-parallelisable n-manifold with k > 1 and k+ 2 ≤ [n/2].
Use “surgery below the middle dimension” to show that M is normally BO〈k+2〉-
bordant to a manifold N with πi(N) = 0 for i ≤ k + 1.
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(8) 30.05 Normal bordism groups

Exercises:

(a) Let Jk : πn(SO) → Ωn(BO〈k〉) be the homomorphism defined by mapping a
framed sphere (Sn, Fα) to the induced BO〈k〉-manifold (Sn, ν̄α). Show that Jk is
injective k ≥ n+ 2 and the Jk = 0 if k ≤ n+ 1.

(b) Use the Serre spectral sequence for the fibration K(Z/2, 1)→ BSpin→ BSO to
show that the induced map H4(BSO;Z)→ H4(BSpin;Z) has image the subgroup
of index 2.

(c) Determine the following rational bordism groups:

i. ΩString
∗ ⊗Q

ii. Ω
BO〈k〉
∗ ⊗Q, k ≥ 9.

iii. ΩSO
∗ (CP∞)⊗Q

iv. ΩSO
∗ (RP∞)⊗Q

v. N∗(X)⊗Q
(d) Determine the integral bordism group ΩSO

4 (Bπ) in terms of the homology of the
finitely presented discrete group π where Bπ is the classifying space of π.

(e) Give at least two different reasons whey the following two manifolds are not
orientation preserving diffeomorphic:

CP 4](S2 × S6)](S4 × S4) and (CP 2 × CP 2).

Reading: [K, §2]
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(9) 06.06 Stable diffeomorphism

Exercises:

(a) Recall the following result, [T, Lemma 2.3.2]: let Hp(X; ΩSpin
q ) =⇒ ΩSpin

p+q (X) be
the Atiyah-Hirzebruch Spectral Sequence. Then

i. The differential d2 : Hp(X; ΩSpin
1 )→ Hp−2(X; ΩSpin

2 ) is the dual of Sq2.

ii. The differential d2 : Hp(X; ΩSpin
0 ) → Hp−2(X; ΩSpin

1 ) is the dual of Sq2 com-
posed with reduction mod 2.

Hence or otherwise compute the following bordism groups:

i. ΩSpin
4 (RP∞)

ii. ΩSpin
6 (K(Zr, 2)), where K(Zr, 2) ' (CP∞)×r

iii. ΩSpin
7 (K(Zr, 2)), where K(Zr, 2) ' (CP∞)×r

(b) Give examples of closed smooth 2q-manifolds M0 and M1 which are weakly stably
diffeomorphic but not stably diffeomorphic. Hence show that there are weakly
stably diffeomorphic manifolds with different normal (q − 1)-types.

(c) Verify that stably diffeomorphic 2q-manifolds have isomorphic normal (q − 1)
types.

Reading: [K, §3]
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(10) 20.06 Stable diffeomorphism II

Exercises:

(a) (∗) Identify π3(SO3) ∼= Z and let Mn = S2×̃nS4 be the total space of the
S2-bundle over S4 defined by n: there is a diffeomorphism CP 3 ∼= M1. For
z ∈ H2(Mn;Z) the generator restricting to a fixed generator of the fibre group
H2(S2;Z) prove the following identities:

i. p1(Mn) = 4nz2 ∈ H4(Mn;Z).

ii. 〈z3, [Mn]〉 = n2 ∈ Z.

(b) (∗) Use the preceding exercise to resolve the extension problem

0→ E∞2,4 → F Spin
4 → E∞4,2 → 0

for the E∞ page of the AHSS for ΩSpin
6 (K(Zb, 2)). Here

F Spin
4 := Im

(
ΩSpin

6 (K(Zb, 2)(4))→ ΩSpin
6 (K(Zb, 2))

)
where K(Zb, 2)(4) is a 4-skeleton for K(Zb, 2).

Hint: Reduce to the case b = 1 and use the group structure on ΩSpin
6 (K(Z, 2)) and

the bordism invariants 〈z3, f∗[M ]〉 and 〈f ∗z ∪ p1(M), [M ]〉 for z ∈ H2(K(Z, 2);Z)
a generator. Finally use the manifolds from the preceding exercise.

(c) (∗) Hence give an alternative proof of the following classifcation theorem due
to Wall [W]: let M0 and M1 be closed simply-connected spin 6-manifolds with
torsion free integral homology groups and let α : H2(M1;Z) ∼= H2(M0;Z) be an
isomorphism. Then there is a spin diffeomorphism f : M0

∼= M1 realising α if and
only

α∗µ0 = µ1 and α∗p1(M0) = p1(M1)

where µi : H
2(Mi;Z) × H2(Mi;Z) × H2(Mi;Z) → Z denotes the cup-product

pairing and p1(Mi;Z) denotes the homomorphism H2(Mi)→ Z defined by taking
the cup product with the first Pontrjagin class.

Moreover, any triple (H,µ, p) consisting of a free abelian group H, a symmetric
cubic form on H and a homomorphism on H is realised as (H2(M ;Z), µM , p1(M))
for a spin manifold M as above if and only if the following conditions hold:

i. µ(x, x, y) ≡ µ(x, y, y) mod 2 ∀x, y ∈ H.
ii. 4µ(x, x, x) ≡ p(x) mod 24 ∀x ∈ H.

Reading: [L, 3.4.2 & 4.1 ] and [K, §5]
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(11) 27.06 Immersions and embeddings

Exercises:

(a) ON THE ATLAS

Let Vn,k denote the Stiefel manifold of orthogonal k-frames in Rn and consider
the following fibration sequence

Vn,n → V2n,2n → V2n,n

i. Use the Hirsch-Smale immersion theorem to give an interpretation of the
boundary map in the homotopy exact sequence of the above fibration:

∂ : πn(V2n,n)→ πn−1(Vn,n)

ii. Hence prove the following: if n 6= 1, 3, 7, any immersion f : Sn → R2n is
regularly homotopic to an embedding if and only if the normal bundle of f is
trivial.

iii. Given an example of an immersion S1 → R2 with trivial normal bundle and
which is not regularly homotopic to an embedding.

Reading: [K, §5]
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